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Proble -3

A polynomial of degree 3 is primitive if the smallest power of D which it divides evenly is
D’ + 1. The smallest power of D which needs to be checked is D

1
p}+D+1 D} +1
“3"‘“*l
D

p3+D+1 |D* + 1
D*+D?*+D
D2+ D + 1

D3+ D+ 1

D*+D+1 |DS « 1
pS+pisp3

D%+ D? « 1

D4+ D*+D
D¥+D*+D +1
“3+ D +1
D2
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p3+p+1 |D7 + 1
D'+Dp3+p* + 1
DS +D4
D5+ D3+p2
D*+p?*+D? + 1
D4+ D*+D
D3 +D + 1
“3+ “+|
0

Thus, by exhaustive search we have found that 1 + D + D’ is primitive.

Problem 3-4

Suppose that there are two additive identity elements, O and 0'. By definition, the sum of
an additive identy element with any element of the field is an element. In particular 0 =0
+0'=0". Suppose there are two multiplicative identity elements, 1 and 1'. By definition,
the product of a multiplicative identity with any non-zero element of the field is the element.
In particular, 1 = 1-1'=1".

Problem 3-5

SetD=1toobtain gD)=g(1)=1+ 1>+ 1’+1*=0. ThusD=1lisarootand D+ 1 is
a factor. Divide g(D)by D + I:

D} +D +1
D+1 [D*+ D3+ D2+ 1
D4+D3
DY+ 1
D2+D
D+1
D+1
0

Thus
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gD) = (1 +DY1+D +D?

gD} = 1+D%+D3+D*%1 +D?+D3*+D%
=1+D*+D®+D? (after simplification )
[gD)* =0 +D*+DS~DY1+D*+D%+D?Y

1+D¥+D12+pls (after simplification )

Observe that [g(D)]* = g(D*). In general, it can be shown that [g(D)]* = g(D*).
Problem 3-6

(a) The Galois field for this problem is the same field used in Ex. 3-5(a): D'°-D'? = D*2. We
know that D' = 1. Thus, D*=D"-D’=D" =1 + D + D*. Alternatively,

plopi2

It

(1+D+D*»1+D+D2?+D?3

=1 +D?*.p3? .p3

Divide D* by the primitive polynomial:

D*+D+1 |D*

and D*=D’-D = D + |. Multiply both sides by D to obtain D° = D + D? and
pY¥p?=1+p2+p3p+p?

= l-e-D-w-D3

(b)

D®+p2 - 1+D+D¥+1+D+D?+D?

A+D+@+1DD+A+1)D2+ (1 +0)D3

= p3
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where (D'?) is the multiplicative inverse of D'%. Since D" =1, (D% = D*. Thus

DOD) = pOp3 - pB o j.p2.p?

(d) Addition and subtraction are identical on GF(2) so that

plo_pl2_plo, pi2_ p3

Problem 3-7

The shift register configuration is derived from Figure 3-3. The resultisa(D) =1+ D+ D?

+ D’. The output of the circuit is calculated using normal polynomial multiplication and
division:

a(D)g(D)

(1+D+D¥»1+D+D*+D?¥

1+D?+D3+ D3

The output by division:

1+D+D3+D7+D8p%pOpl2 pl2, plé , pis pi8, p2n
1+D+D* |1+ D2+D3+ D3
1+D +D*
D+D?+p3*+p*+D"3
D+D? D3
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Observe that after the fourth clock interval, the output is periodic with period 15 and pattern
000111101011001. With proper selection of g(D) and a(D) this circuit can be used to
perform the division of Problem 8-6.

Problem 3-8

Refer to Fig. 3-3. The feedback connections are defined by the polynomial g(D) = 1 + D*
+ D’ + D’ + D®. The initial condition can be established using the circuit of Fig. 3-3 with
h(D) = D° and input a(D) = 1 + D + D* + D*. The output (including time used for loading)
is

D1 +D+D?+D?%

D) = 2 3 5 6
1+D“+D +D”+D

The output is obtained by polynomial log division with the result (see the solution to Prob.
3-7 for an example)

WD)y =DS+D7+p%+DW.p¥.p . p2 . pB

s D¥ep®.pR.pBL.pH.pI, .

Problem 3-9

The feedback connections are described by the polynomial g(D) = 1 + D* + D*> + D’ + D°.
The shift register output can be found by finding the equivalent initial fill a'(D) for the shift
register configuration of Fig. 3-5. This is accomplished by using (3-41) and equating
coefficients on each side of the equation:

(1+D+D2+D¥»U +D?+D3+D3+DS)+e(D)

_ 2 3 4 5
= a0+alD+a2D +ay +a,D +aSD

e(D) contains no power of D less than 6 and can be ignored. Equating coefficients gives:

a; =1 ’ a;=1+1+1=1
a, =1 a,=1+1=0
a,=1+1=20 a. =1+1+1=1
2 5

Thusa(D)=1 + D + D’ + D’. The output is now calculated using polynomial long
division. The result is

y(D) = 1#D+D2+D3+D6+DS+D10+DM+.“
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N P, my P, 10 log,o(Py/P))
3 0.111 0 0 -
7 0.184 0 0 -
15 0.218 1 0.0354 7.9 dB
63 0.242 6 0.0482 7.01 dB
255 0.248 24 0.0471 7.21 dB

For N very large, P, - 0.25 and the summation for P, approaches an integral. Let I/IN=A
and mA =x. Then

xo
P, = 0.25fsinc Yx/2)dx = 0.05

%o

and 10 log,,(P,/P,) = 6.99 dB. Observe that increasing N does not significantly affect the
code self noise component.

Problem 3-18

The period of the code is 2'° - 1 = 1023 symbols for 10.23 ps. The propagation delay of
0.15 ps is equivalent to 15 clock cycles. The shift register generator has 10 stages and
cycles through the nonzero elements of GF(2'% in reverse order. Let the initial condition
of the transmitter be a(D) = 1. Then the initial condition in the receiver is the remainder
when DPa(D) = D" is divided by g(D) = 1 + D* + D'® which is R(D) = D* + D¢ = a(D).
Thus the transmitter and receiver initial loads are

0000000001  (Transmitter )
0100100000  (Receiver )

This result can be checked by calculation of the twb output sequences by polynomial long

division. When this is done, note that, beginning with the 15th clock cycle, the receiver
begins to reproduce the sequence which started with the first clock cycle in the transmitter.

Problem 3-19

Using the same procedure as in Example 3-20, the delay polynomial S(D) is the remainder
when dividing D" by g(D) = 1 + D* + D'°. The result is

s(p) = D*+D?®

Thus, the modulo-2 sum of a 5 unit delay and an 8 unit delay will produce the desired 15
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(b) The inverse of G is

0001
1001
G-
0100
0010
and
0011
1010
1101
0110

: G Woxs 101 0] |0 1
= Xd). = X! ] =
- ® 1110 1|0 1

011 0]|]o 0

These results may be verified by manual calculation of the shift register states.
roblem 3-25

The shift register of a maximal length sequence generator passes through all states except
the all zero state exactly once. The sequence generator has exactly two cycles. The first
1s the maximal-length cycle and the second is the cycle consisting only of the all zeros state.
Consider an arbitrary Fibonacci feedback generator with an odd number of taps. Suppose
this sequence generator is in the all-ones state. Since there are an odd number of taps, the
modulo-2 sum of the odd number of “ones’ in the shift register equals “one”. Thus, the shift
register input s a “one” and the shift register will remain in the all-ones state forever. Thus,
the sequence generator has at least three cycles and cannot be maximal length.

1 -2

The Fibonacci feedback shift register for this generator polynomial is
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