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Week 10 Agenda:
Second—Order Transients

e Second—Order Equations (LC Circuit)
e Complex Notation

e Series RLC
— Forced Solution
— Transient Solution

— Damping

e Parallel RLC
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LC Circuit
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L C Equations

e KVL
dr (t
vs () = L 7’()+ / () di
\//4 s Differentiate All Terms
( dvs (t d?
L L US():L /Lgt) _Z()
\/lﬁk’ dt dt
s C p? e Propose Solution for i
! f i (t) = Ke®

e Substitute
dvs (1)
dt

= Ls%i (t) + éz (1)
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LC Example

\//: e From Previous Page

L '( dvs ()

2. 1.
\\/(ﬁ ks Ls<i(t) + C’Z (t)
s C e Step Voltage

iR l 'F dv;t(t) = —vs (O_) o (t)

e Solution

Y4 5 1 1

8 = ——— = ——

S
v LC LC
e Express as Frequency
—(/ s1 =V —1wg s> = —v —1wg

1
wo = —F—

VLC
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Interlude: Complex
Representation

e Current vs. Voltage Equations
dVv di

1 = (C— v=L—
dt dt

e EXxponential Solutions: First Order Transients

dest
— seSt
dt
e Sinusoidal Solutions
dsin wt d COS wt ,
= w COSwt = —wSInwt
dt dt

e Almost Nice, but Not Quite
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Euler's Formula

e Euler's Formula

el? = cosf + jsing

e Cosine and Sine

eJwt e—Jwt

COSwt =
2 + 2

e Derivatives Are Simple

dejwt .
i e
v = 5Velwt

Oct 2021

Chuck DiMarzio,

eJ¥t = coswt + j sin wt

eJwl _eJwt
SiNwt = —— — .
2] 2]
de—Iwt :
w - we !
dv

1 = (C— = jwCv
dt

Northeastern University
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Two Problems Instead of One

e Cosine Example: Superposition of Two
dv

vy = 5Velwt iy = C’E = jwCv
: d
v_ = B5Ve I¥! i = C’d—: = —jwCwv

e But It's Almost No Extra Work:
A Linear Function of the Complex Conjugate of something is
the Complex Conjugate of the Linear Function

v=wvy +v- =10V Ccoswt
1 =14 +1i- = jwCvy — jwCuv_

= 2Real [ijv_F} = —(C' x 10V sinwt
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| or j: In EE, it's j

e Imaginary Unit

vV—1= =41
e But in EE, ¢ is Current
e We use j e)“t = coswt + j sin wt

e Euler’'s Formula

el = cosf + jsino

e Cosine and Sine
ejwt_l_e—jwt
2

COSwt =

ejwt _ e—jwt
2
e \Why Exponentials?

— Compact Notation
— Easy Math

Sinwt =
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Solving Problems

Real Quantity Positive Freq. Negative Freq. Phasor
A cos wt éeﬂ‘”ﬁ - ée_ﬂ*’t A/Q
Asinwt %Aejm - %e_]m A/90

A cos (wt + ¢) A%jd)ejm + AeT_Me—j“”5 Al

ACos¢pcoswt — ...
Asingsinwt =
a COSwt + bsin wt #eﬂ"t + G_ije_jwt a+ 7b

Problem Solution
Unknown = x 4 jy
Pos. Freq. 4+ C.C.

2Re |ZHleiwt]
Re [(zc + jy) ejwt]
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Complex Notation (1)

e Phasor A
Ae?¥t = (a + jb) eI

e Include Negative Frequency Part

A A* a b : a b :
_ejwt _e—]wt — (_ -_> e]wt (_ L -_) e—]wt —
>¢ TS > T3 T35
ﬁ (ejwt 1 6—jwt> 1 é (ejwt B e—jwt)
> 75
e From Euler’'s Formula
ejwt + e—jwt ejwt _ e—jwt
COSwt = Sinwt = ,
2 27

e Result

A . A*
Ee]m -+ ?e_ﬂ"t = @ COSwt + bsin wt

Oct 2021 Chuck DiMarzio, Northeastern University 12425..slides10-10



Complex Notation (2)

e Do all the math with Ae/«t

e Add the negative fregency part at the end

e Don't worry about trigonometric identities ever again
e Phase and Amplitude are in the Phasor

b
la 4+ jb] = \a? 4+ b° = |A] ¢ = /A = arctan —

a

e [ his only works for linear systems

e Some people use A, and some use A/2; be careful.
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Steady—State Sinusoids (Later)

Resistors

v =1R V =1R

Capacitors

- ~d . _ 1

i =Cg I = jwCV V_jw—CI

Inductors

v=L% V = jwll
Easy? ...

Easy!
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Back to the LC Example

Exponential Solutions with Complex Exponents

\/ e Remember
£
| ( i (t) = Ke®t
(
Vi) C > s1 =V —1wg sp = —v—1wo
| :
1] “0= Vic
e Solution

AV
i (t) = KelWot 4 g*eJwol

e Voltage if vg =20

/ .
di (t)
s (1) — w4 (0] = L7
va (1) = —jKwgel Yol 4 K *wge /w0t
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L C Solution

e From Previous Page

va (1) = —jKwgel W0t 4+ j K*wge w0l
e 2 Unknowns, Real and Imaginary Parts of K
e v Continuous Across Capacitor (Vy)

e 1 Continuous Through Inductor (and Capacitor)

vg (0F) =vs(07) %'OJFZO

vg (t4) = vs (O_) COS wot
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L C Result
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RLC Series Circuit
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RLC Series Circuit Analysis

e KVL
dz (t)

+ Ri () + = / (t) dt = vs (t)

. Y
L i :
i o
| ]

e Differentiate

d2i(t) di(t) 1 dvs (1)
L R —i (1) =
dt? + dt CZ( ) dt
e Divide by L
l Y
| d2%i(t) Rdi (t) ( - 1 dvs (1)
e Undamped Resonant a2 L dt L dt
Frequency e Use Definitions, wQ and o)
1
wWo = UTo d2i (t) di (t) , 1 dvs (t)
o Dam%ing Coefficient o T2 e () =
o — 57,
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General Second—Order DE

e From Previous Page

d2i (t) di (t) 5 1 dvs (t)
g2 T2 teai) =g
e Define Forcing Function, f = %%
d2i (t di (¢
dtg)_i_ ()‘|‘woz(t)_f(t)

e Particular (Forced) and Complementary Solutions
e DC: Forced Solution is Steady—State Solution, iy

e Transient Solution, 2. for

d2i (t)
dt2

dz (t)

4+ 2 + wdi (t) =0
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Damping

e [ransient Equation From Previous Page

d2i (t) di (t)
dt? + 22 dt

+wdi(t) =0 i (t) = ke

e Characteristic Equation

szi—l—Qasi—I—wgi:O 82—|—2048—|—ng0

e Solutions

51=—oz—|-\/a2—w8 32=—oz—\/a2—w8

e Define Damping Ratio

‘zeta” (= —
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Damping in the Complex Plane

Am

ResS

Underdamped

(<1
a < wQ
s <0

Is Symmetric

Solutions:

Damped Sinusoids
Frequency Shifted

Oct 2021

Am

T Res

Critically Damped
¢=1
o = wQ
s <O
Ss =0
Degenerate

Exponential
_I_e—t/T

Chuck DiMarzio, Northeastern University

Am=
SE—S
oo Res
—
Overdamped

¢>1

a > wQ

Rs <O

Ss =0

Exponentials
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Underdamped (1)

e Solutions for s

81=—oz—|—\/042—w8 32=—a—\/a2—wg o < wq

e Solution Contains v/Negative

81=—oz—|—j\/w3—oz2 82=—a—j\/w8—042

e Natural Frequency

e Solution
Z(t) — Ke—oz—l—jwnt + K*e—a—jwnt

Oct 2021 Chuck DiMarzio, Northeastern University 12425..slides10—21



Underdamped (2)

e Previous Page (K Complex)
i(t) = Ke~otiwnt 4 prxp—a—jwnt
e Alternative Form (Kq1,K> Real)
i (t) = Kie ' coswnt + Koe ' sinwpt
e Add Particular Solution

i(t) = Kie @ COSwnt—I—ng sin wnt + 0

e Initial Conditions ¢ (0+) =0

i (t) = Koe ' sinwpt

K, — vg (O"‘)

wn L
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Example

o Let's Make wg = 27 X bkHz

1 1
wn = —— L =
° T VIO W2C
C=1uF — L = 1mH

e Choose Underdamped ¢ = 0.1

R
o= —
2L

R =2al = 6.4%2

a = w(

e Parameters

Wn
— = 4975Hz
27
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Underdamped Current
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Overdamped Current

e Solutions for s

2 D
S1 — —«& \/Oé — W
IMJ- 1 + 0]
82=—oz—\/oz2—w(2)
Sa S,
— ; e ResS wo < «
e Solution Contains v/ Positive
S1 =—oz—|—\/oz2—w8
82=—a—\/a2—w8
_ 2 2 o 2 2
1 (t) = Kje aty/e Cuo—l—f(QEZOé @0

: _ (—140.87)x6.2x10% (—1-0.87)x6.2x10%
1 (t) = Kqe + Koe
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Overdamped Example
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Critically Damped Example
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Application

e Scanning Lidar

e Rapid Scan from Left to Right
— Move the Laser Beam 10 Meters

— Sample 1000 Times for 1 centimeter steps

e Quick Return From Right to Left

— Time Constant 7

10m x e /7 <« 1072%m

t>rT1lo —10m 7 !
T ~ (T = —
Je 10—2m o
— Critical Damping
-
(=1 — a=uwp t>—
WO
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T hree Damping Examples
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RLC Parallel Circuit

dv (t)

4= / (t) dt + v(t)—z(t)
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Equation for it

e From Previous Page

dv (t
C () / (t)dt—l——v(t)—zs(t) U
| Vi
° Inductor Equation i ] | i’
dir () SRR L XR
v (t) = L= T ‘
dt T |
e Substitute T
inL (t) Ldig, (t) 1
g2 T+ = =i () * = %RrC
e Divide by LC, Reorder 1
d?ip () | 1 dig (1) | 0= VIc
t) = ig (¢
2 TRC @ ot (t) =is () N
e Define wq, « (= —
W
d?i; (t dir (t
diz( ) 20 fit( )4 wiir, (1) = is ()
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Solutions (1)

e From Previous Page

d2iy, d=ig, (1) dig, (t)
dt2 T2 dt

+ wdip (t) = is (1)

e Step Current (is (O‘) = 0, s (O"‘) = 100mA)

e Particular Solution (Steady State)

i, (t) =is (0T)

e Complementary Solution (Transient) iy (t) = Ke*!

s2iy (t) 4 2asiy, (t) + wdip, (t) =0
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Solutions (2)

e Complementary Solution From Previous Page

s%iy, (t) 4 2asiy, () + wdip, (t) +is(0) =0

e Overdamped Solutions (Add Forced Solution)

31=—a—|—\/a2—w8 32=—a—\/042—w8

ir (1) = Ky1e 510 4+ Koe 52044, (0+)

e Underdamped Solutions w, = \/wg — a?
$1 = —a + jwn SO = —a — jwn

i(t) = Kie “ coswnt + Koe Y sinwpt+is (04)
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Initial Conditions

e Inductor Requires

| \/
i | E ip (0F) =iy (07) =0
T gl
T - e Capacitor Requires v, Continuous
J__ | dig,

L —patt=0T
dt
e Underdamped Equation from Previous Page
i(t) = Kie “ coswnt + Koe “tsinwnt + is (0+4)
e Initial Current
1(0) =K1 +1is(04+)=0
e di;/dt =0 at t = 0 (d/dt by Product Rule)

—aKq1 +wpnKo =20

Oct 2021 Chuck DiMarzio, Northeastern University 12425..slides10—34



Plots
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Application: Magnet

Source and Magnet Coil Norton Equivalent
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