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ABSTRACT We study an uplink distributed multiple-input-multiple-output (D-MIMO) system, where
multiple users are served by multiple base stations (BSs) connected to a common central unit (CU). We pro-
pose a generalized signal-space alignment (SSA)-based physical-layer network coding (PNC) scheme,
termed G-SSA-PNC. In G-SSA-PNC, the multi-antenna users encode their messages by using nested lattice
coding, linearly precode the nested lattice codewords for SSA, and then broadcast to the multi-antenna BSs.
The BSs linearly post-process the received signals to extract signals at certain aligned directions. PNC
decoding is applied to those extracted signals to generate network-coded message combinations, and the
decoded message combinations are then forwarded to the CU for user messages decoding. Compared with
the original SSA-PNC scheme, our scheme is different in the following three aspects. First, the G-SSA-PNC
employs an individual shaping lattice for nested lattice coding at each source, as in contrast to the use of a
common shaping lattice in original SSA-PNC. Second, we derive the feasibility condition of PNC decoding
under the new nested lattice coding scheme and show that the SSA precoding and the nested lattice coding
needs to be jointly designed to meet the feasibility condition. Third, we formulate a sum rate maximization
problem and propose a suboptimal solution to the problem. The numerical results demonstrate the superiority
of the G-SSA-PNC in performance over the benchmark schemes, including original SSA-PNC, compress-
and-forward, and interference alignment.

INDEX TERMS Distributed MIMO systems, interference alignment, nested lattice coding, physical-layer
network coding, signal-space alignment.

I. INTRODUCTION
To accommodate exponentially increasing demands for data
services, advanced technologies, such as multiple-input
multiple-output (MIMO) and hyper-dense cellular systems,
are employed in LTE-advanced and fifth-generation (5G) cel-
lular networks. The performance of these networks is largely
limited by inter-cell interference. Traditional cellular systems
employ orthogonalization methods (e.g., the frequency-reuse
and the time-reuse) to mitigate the interference, or utilize
sophisticated signal processing methods to suppress interfer-
ence. Cloud radio access network (Cloud-RAN) [1] is a new
network architecture which can harness interference more
efficiently. The main idea is that, by allowing cooperation
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and joint signal processing across different cells, the inter-cell
interference can be used to enhance the throughput. A dis-
tributed MIMO (D-MIMO) system can be regarded as a
MIMO Cloud-RAN, where multi-antenna users communi-
cates to a central unit (CU) with the help of multi-antenna
base stations (BSs). There is no direct link between the users
and the CU. The BSs are connected to the CU through inde-
pendent backhaul links with individual maximum throughput
constraints. Note that the D-MIMO system model applies to
both wired and wireless backhaul transmissions.

An important issue in D-MIMO systems is how to
efficiently utilize interference in joint signal processing.
In the past several years, many progresses have been made
towards the issue [2]–[15]. One approach is to treat inter-
ference as noise and to obtain an achievable rate from an
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information theoretical perspective [2]–[4]. Compress-and-
forward (CoF) relaying is applied to analyze the achievable
rate of uplink D-MIMO systems. It is shown in [2] that
joint decompression and decoding at CU is advantageous
over separated operations. In [3], [4], the authors proposed a
virtual multiple access channel (VMAC) scheme involving
Wyner-Ziv coding in BSs and successive decoding of com-
pressed codewords and user messages. The network perfor-
mance is improved by maximizing the achievable sum rate
over the beamforming matrices at users and the quantization
noises at BSs.

A second approach is to orthogonalize the desired signals
and the interference in the received signal-space through
interference alignment (IA). For example, the IA tech-
nique can improve the degrees of freedom (DoF) of a K
user time-varying interference channel from 1 to K

2 [6].
After its advent, IA has been extensively applied to ana-
lyze the performance limits of various MIMO interference
channels [7]–[10]. In [7], the feasibility of interference align-
ment in signal space is related to the solvability of a polyno-
mial system. In [9], an iterative algorithm is proposed to find
the maximum sum-rate in MIMO interference channels.

A third approach is to regard the interference as useful sig-
nals. For example, compute-and-forward strategy [11], as an
implementation of physical-layer network coding (PNC),
harnesses interference through lattice codes. In the origi-
nal compute-and-forward scheme [11], single-antenna users
and relays are considered. With nested lattice coding, each
relay computes a linear combination of user messages from
the received signal and forwards the messages combinations
to CU.

More recently, the work [12] proposed a physical-layer
network coding (PNC) scheme for D-MIMO systems
employing signal-space alignment (SSA). We refer to the
approach in [12] as SSA-PNC. In SSA-PNC, with care-
fully designed network-coding and beamforming matrices,
the transmitted signals are aligned at BSs according to prede-
termined patterns, and linear message combinations are com-
puted at each BS from the aligned signals. It is demonstrated
that the achievable DoF of the SSA-PNC scheme is consider-
ably higher than those schemes that directly utilize IA.

However, there are several important open issues regarding
the SSA-PNC scheme. First, SSA-PNC assumed a common
shaping lattice in the construction of nested lattice codes at
the users. Second, in SSA-PNC, the received power ratios
of the spatial streams aligned in a spatial direction directly
determine the corresponding network codedmessages. Third,
the linear precoding matrices for SSA and the network cod-
ing coefficients for PNC are not appropriately optimized for
performance improvement.

In this paper, we propose a generalized SSA-PNC
(G-SSA-PNC) scheme for the D-MIMO system to address
the above three open issues. In the proposed scheme,
the multi-antenna users encode their messages by using
nested lattice coding, linearly precode the nested lattice code-
words for SSA, and then broadcast to the multi-antenna

BSs. The BSs linearly post-process the received signals
from the users to extract signals at certain aligned direc-
tions. PNC decoding is applied to those extracted signals.
Finally, the decoded messages are forwarded through the
backhaul to the CU for user message recovery.

We summarize the novelty and contribution of our work
as follows. G-SSA-PNC allows the use of different shap-
ing lattices at different sources, as well as different pre-
coding and channel gains for different spatial streams at
the BSs. This gives more freedom for the design of nested
lattice coding to match the channel conditions. The chal-
lenge is how to preserve the nested lattice structure at the
BSs, especially when each BS computes multiple message
combinations. As one of our main contributions, we show
that certain feasibility conditions on the joint design of SSA
precoding and nested lattice coding need to be met, so as
to ensure the nested lattice structure at the BSs.1 With the
derived feasibility conditions, we establish an achievable rate
region and formulate a sum-rate optimization problem for
the G-SSA-PNC scheme. The problem is non-convex and we
propose an approximate solution to the problem. We show
by simulations the superiority of the G-SSA-PNC over
several baseline schemes, including interference alignment,
compress-and-forward, generalized compute-compress-and-
forward (GCCF) [16], and decode-and-forward.

The paper is organized as follows. The system model is
presented in Section II. The optimized SSA-PNC scheme
is discussed in Section III. The feasibility of the proposed
scheme is investigated in Section IV. The sum-ratemaximiza-
tion problem is formulated and the corresponding algorithm
is presented in V. The numerical results and the conclusions
are given in Section VI and VII, respectively. Throughout this
paper, lowercase boldface letters (e.g., b) are used to denote
column vectors, and uppercase boldface letters (e.g., H) are
used to denote matrices. Frequently used notations are sum-
marized in Table 1.

II. SYSTEM MODEL
Following [12], we consider a D-MIMO network with K
users and J base stations (BSs), as illustrated in Fig. 1. Each
user is equipped with N antennas and each BS is equipped
with M antennas. All the BSs connect to a common central
unit (CU) via an error-free backhaul link with a limited
capacity. We assume that users are geographically separated
and so are the BSs.

The D-MIMO network consists of two layers, namely,
the air-interface layer and the backhaul layer. In the
air-interface layer, the K users transmit individual messages
to the J BSs. In the backhaul layer, each BS processes its
received signal and forwards the processed signal to the CU

1In original SSA-PNC, all the sources employ a common shaping lattice,
and in each aligned spatial direction the combined precoding and channel
gains of the spatial streams are forced to have integer ratios. Such a treatment
naturally preserves the nested lattice structure at the BSs, but at the same time
causes significant performance loss, as revealed by the simulation results
presented later.
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TABLE 1. Frequently used notations.

FIGURE 1. System model.

via the backhaul link. After receiving signals from the J BSs,
the CUmanages to recover all the messages from theK users.

1) AIR-INTERFACE LAYER
Denote by bk ∈ Fsk×1q the message of user k , where sk is an
integer, q is a prime number, and Fq is a finite field with q
elements. User k encodes bk into a real N -by-n space-time
signal matrix

Xk = φk (bk ), k ∈ IK , {1, 2, · · · ,K }, (1)

where n is the number of channel use. The function φk (·)
represents the encoding at user k , which is elaborated in
Section III-A.1. Then, the entropy rate of user k is Rk =
sk
n log2 q bits per channel use. Consider a block fading
channel in the air-interface layer, i.e. the channel coefficients
remain constant over a block of n channel uses and vary from
block to block. In a block, BS j observes a channel output
matrix

Y j =
K∑
k=1

H j,kXk + Zj, j ∈ IJ . (2)

where H j,k ∈ RM×N is the flat-fading channel coefficient
matrix from user k to BS j, and Zj ∈ RM×n is the additive
white Gaussian noise (AWGN) matrix with independent and
identically distributed (i.i.d.) elements of zero mean and σ 2

z
variance. The power constraint of each user k is given by

1
n
E
(
tr(XT

kXk )
)
≤ Pk , k ∈ IK . (3)

2) BACKHAUL LAYER
After receiving Y j, BS j decodes Û j from Y j, where Û j is
an estimate of U j that is a certain deterministic function of
the source messages.2 Then, BS j forwards Û j to the CU
through its backhaul link. In this paper, we consider a total
backhaul rate constraint as in [3], [12]. Lossless distributed
source coding [17] can be applied to {Û j} at BSs. From the
Slepian-Wolf coding [18] and GCCF, the transmission over
backhaul links is error-free if the following constraint is met:

1
n
H (Û1, Û2, · · · , ÛJ ) ≤ CBH (4)

where H (·) denotes the entropy function, and CBH is the total
capacity of all the J backhaul links.

After receiving Û j, j ∈ IJ , the CU needs to recover all K
users’ messages {b̂k , k ∈ IK }. The decoded user messages
are represented by

(b̂1, b̂2, · · · , b̂K ) = 2(Û1, Û2, · · · , ÛJ ) (5)

where 2(·) denotes the decoding operation. The decoding
is successful if b̂k = bk for all k ∈ IK . A rate tuple
(R1,R2, · · · ,RK ) is said to be achievable if the decoding
error probability satisfies

Pr
{
(b̂1, b̂2, · · · , b̂K ) 6= (b1, b2, · · · , bK )

}
< ε (6)

for any ε > 0 as the block length n → ∞. Our goal
is to design a transceiver scheme for the D-MIMO system
presented above with a high achievable sum rate.

Full channel state information (CSI) is assumed in this
paper. That is, every node in the network knows all the
channel matrices in the network. This is, however, difficult
to realize in practical scenarios. In practice, our proposed
G-SSA-PNC scheme can be realized as follows. Each BS j

2We defer the specification of the size of U j to Section III-C.
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FIGURE 2. An example of the operations at users and BSs in the SSA-PNC approach.

estimates its channels and then forward the estimated chan-
nels to CU.With full CSI, CU is able to compute the construc-
tion of nested lattice codes, the linear precoding matrices at
the users, and the post-processing matrices at BSs, etc. Then,
CU sends the computed information back to BSs and users
through the backhaul links and the wireless links between
BSs and users.

III. GENERALIZED SSA-PNC SCHEME
In this section, we describe a novel SSA-PNC approach,
as illustrated in Fig. 2. Note that the scheme in Fig. 2 is
similar to the SSA-PNC scheme in [12]. The difference of
our approach will be elaborated in Remarks 1, 3, 4, and
Subsection III-F.

A. ENCODING AT USERS
1) NESTED LATTICE CODING
The encoding operation is carried out as follows. The mes-
sage bk ∈ Fsk×1q of user k is firstly segmented into Lk parts
as bk = [bTk,1, b

T
k,2, · · · , b

T
k,Lk ]

T, where bk,l is the l-th data
stream of user k , and Lk is the total number of data streams
of user k . Denote by sk,l the length of bk,l and Rk,l the rate
of bk,l . Clearly,

∑Li
l=1 sk,l = sk . The total number of data

streams of K users is given by L =
∑K

k=1 Lk .
Nested lattice coding [19] is applied to encode data

stream bk,l . To this end, we construct a nested lattice chain
with 2L lattices using Construction A [11]

L , {{3l}
2L
l=1|31 ⊆ 32 ⊆ · · · ⊆ 32L} (7)

We divide all lattices in the nested lattice chain L as L
lattice pairs (3s,k,l,3c,k,l) for k ∈ IK and l ∈ ILk . The
corresponding nested lattice codebook for (3s,k,l,3c,k,l) is
given by Ck,l = 3c,k,l mod 3s,k,l . In encoding, each data
stream bk,l is mapped to a spatial stream ck,l ∈ Rn×1 using
the lattice codebook Ck,l . The normalized codeword matrix

of user k is defined as

Ck =

[
ck,1
σs,k,1

,
ck,2
σs,k,2

, · · · ,
ck,Lk
σs,k,Lk

]T
∈ RLk×n (8)

where σ 2
s,k,l is the second moment of 3s,k,l .

Remark 1: The proposed scheme employs an individual
shaping lattice 3s,k,l for each Ck,l , as in contrast to the use
of a common shaping lattice in SSA-PNC [12]. This gener-
alization gives more freedom for the design of nested lattice
coding to match the channel conditions. At the same time,
this generalization introduces additional constraints for the
joint design of SSA and nested lattices, as will be elaborated
in Section IV.
Remark 2: In practice, non-binary linear codes such as

irregular non-binary repeat accumulate codes [13] with low
complexity iterative belief propagation decoding algorithms
can be used to support physical-layer network coding. How-
ever, these schemes with practical codes are difficult to ana-
lyze. Here we use nested lattice codes to derive an achievable
rate region of the generalized SSA-PNC scheme.

2) DISTRIBUTED LINEAR PRECODING
After obtaining Ck , each user performs linear precoding to
generate the channel input signal

Xk = PkCk , k ∈ IK (9)

where Pk ∈ RN×Lk is the linear precoding matrix of user k .
Then, the l-th column ofPk , denoted by pk,l , specifies the sig-
nal space of the l-th spatial stream of user k . Since each user
hasN antennas, the number of independent spatial streams for
each user is at most N , i.e. Lk ≤ N , k ∈ IK . Note that {ck,l}
are independent spatial streams and so

1
n
E
(
CkCT

k

)
= I. (10)

Then, the power constraint in (3) can be rewritten as

tr(PkPT
k ) ≤ Pk , k ∈ IK . (11)
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B. SIGNAL-SPACE ALIGNMENT
In this section, we propose to align the received spatial
streams at BSs in a required manner. By the projection of
channel matrix, the signal-space of spatial stream ck,l at BS
j is given by H j,kpk,l . Thus, to align ck1,l1 with ck2,l2 at BS j,
it is required to design pk1,l1 and pk2,l2 satisfying

H j,k1pk1,l1 ‖ H j,k2pk2,l2 (12)

where ‘‘‖’’ stands for parallelism. Since each BS has M
antennas, all L spatial streams need to be aligned in the
signal-spaces with dimension M .
To represent the alignment pattern, we define an integer

vector gj,m,k ∈ ZLkq . Denote the support set for gj,m,k as

S(gj,m,k ) , {l : gj,m,k,l 6= 0}, (13)

where gj,m,k,l is the l-th element in gj,m,k . For any l1 ∈
S(gj,m,k1 ), l2 ∈ S(gj,m,k2 ), our objective is to align ck1,l1 and
ck2,l2 in the m-th aligned direction of BS j, i.e. to satisfy (12).
Thus, the alignment pattern is determined by given {gj,m,k , j ∈
IJ ,m ∈ IM , k ∈ IK }. The signal-space alignment criterion
is formally presented below.
Criterion 1: For BS j, the signal-spaces of its received

spatial streams are aligned according to {gj,m,k ,m ∈ IM ,
k ∈ IK }, i.e., for any k1, k2 ∈ IK ,

βj,m,k1,l1H j,k1pk1,l1 = βj,m,k2,l2H j,k2pk2,l2 ,

l1 ∈ S(gj,m,k1 ), l2 ∈ S(gj,m,k2 ), (14)

where βj,m,k1,l1 and βj,m,k2,l2 are non-zero real coefficients.
Remark 3: Note that (14) reduces to the original

SSA-PNC [12] by letting βj,m,k1,l1 = gj,m,k1,l1 and
βj,m,k2,l2 = gj,m,k2,l2 . Here, we allow {βj,m,k,l} to be arbi-
trary non-zero real numbers. That is, the power ratio of the
received spatial stream at one aligned direction, |

H j,k1pk1,l1
H j,k2pk2,l2

|,

is decoupled from the coefficient ratio |
gj,m,k1,l1
gj,m,k2,l2

| in original
SSA-PNC. This decoupling gives more freedom to the system
design as well as the system performance optimization.
Example 1: An example is given in Fig. 2 to illustrate SSA

precoding. In the example, we set K = J = 2,N = M =
3,L1 = 3, and L2 = 2. All integer vectors are given as

gT1,1,1 = [1, 0, 0], gT1,2,1 = [0, 1, 0], gT1,3,1 = [0, 0, 1]

gT1,1,2 = [1, 0], gT1,2,2 = [0, 1], gT1,3,2 = [0, 0]

gT2,1,1 = [0, 0, 1], gT2,2,1 = [1, 0, 0], gT2,3,1 = [0, 1, 0]

gT2,1,2 = [1, 0], gT2,2,2 = [0, 1], gT2,3,2 = [0, 0].

SinceS(g1,1,1) = 1,S(g1,1,2) = 1, we need to align spatial
stream c1,1 and c2,1 in the 1st aligned direction of BS 1. Then,
p1,1 and p2,1 satisfy β1,1,1,1H1,1p1,1 = β1,1,2,1H1,2p2,1. The
other constraints can be obtained in a similar way. �

To represent the alignment pattern conveniently, we denote

gj,m , [gTj,m,1, g
T
j,m,2, · · · , g

T
j,m,K ]

T, (15)

G̃j , [gj,1, gj,2, · · · , gj,M ]. (16)

Thus, G̃j ∈ ZL×M specifies the alignment pattern at BS j.
Since every spatial stream can be and only be aligned in one
direction at each BS, the number of non-zero elements of each
row in G̃j is 1. The generator matrix is defined by

G̃ , [G̃1, G̃2, · · · , G̃J ]. (17)

The generator matrix consisting the integer vectors in
Example 1 is given by

G̃ =


1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 1 0 0
1 0 0 1 0 0
0 1 0 0 1 0

 (18)

Note that G̃ determines the alignment pattern of the
D-MIMO system. Also note that the existence of {Pk} satisfy-
ing (14) for a given generator matrix G̃ is not always guaran-
teed. The feasibility condition of signal-space alignment will
be discussed in Section IV-A.

C. BS PROCESSING
By substituting (9) into (2), we obtain the received signal
at BS j:

Y j =
K∑
k=1

Lk∑
l=1

H j,kpk,l
cTk,l
σs,k,l

+ Zj, j ∈ IJ . (19)

In the above, Y j is a summation of L received spatial streams.
For BS j, it is required to decode linear combinations of data
streams based onY j. In the following, we first introduce some
concepts about network-coding and then present the detailed
operations at BSs, including nulling and network-coded
decoding.

1) NETWORK-CODED MESSAGES
Following [16], we zero-pad bk,l with length sk,l to b̃k,l with
common length smax , maxk,l sk,l . Then, we rewrite the
message of user k as

Bk = [b̃k,1, b̃k,2, · · · , b̃k,Lk ] ∈ Fsmax×Lk
q . (20)

Then, the messages of all K users can be rewritten as

B = [B1,B2, · · · ,BK ] ∈ Fsmax×L
q . (21)

A network-codedmessage is a linear combination of all users’
messages and is represented by

u = Bϕ(g) ∈ Fsmax
q (22)

where g ∈ ZLq is referred to as a network-coded coefficient
vector, and ϕ(·) maps Zq into Fq. Note that for a vector or
matrix input, ϕ(·) is applied in an element-wise manner.
BS j attempts to generate L ′j network-coded message

uj,1,uj,2, · · · ,uj,L ′j from Y j. We assume L ′j ≤ M by noting
that the dimension of the signal space of receiver j is M .
We choose the network-coded coefficient vectors of uj,i as
gj,i for i = 1, 2, · · · ,L ′j .
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Rewrite the network-coded messages and the correspond-
ing coefficient vectors in a matrix form:

U j = [uj,1,uj,2, · · · ,uj,L ′j ] ∈ F
smax×L′j
q (23)

Gj = [gj,1, gj,2, · · · , gj,L ′j ] ∈ Z
L×L ′j
q . (24)

Then, we have

U j = Bϕ(Gj). (25)

Note that Gj consists of the first L ′j columns of G̃j.
The total number of network-coded message sequences of

all BSs is given by L ′ =
∑J

j=1 L
′
j . Then, the network-coded

message all J BSs are given by

U = [U1,U2, · · · ,UJ ] = Bϕ(G) (26)

where G , [G1,G2, · · · ,GJ ] ∈ ZL×L ′q is referred to as
the network-coding matrix. As all user messages need to be
recovered from U , it is required that the rank of ϕ(G) is no
less than L.
Criterion 2: The rank of ϕ(G) is no less than L.
Criterion 2 implies L ′ ≥ L, where L ′ is the total number of

network-coded messages decoded at the J BSs. In this paper,
we always assume L ′ = L to reduce the consumption of the
backhaul capacity.

2) NULLING AT BSS
In the receiver shaping step, BS j processes the received signal
Y j by performing a linear transformation to Y j

T j = FjY j, j ∈ IJ (27)

where Fj ∈ RL ′j×M and T j ∈ RL ′j×n. Denote by f Tj,i and
tTj,i the i-th row of Fj and T j, respectively. With carefully
chosen f j,i, t j,i only consists of the spatial streams in the
i-th aligned direction of BS j (specified by indicator vector
gj,i). Specifically, we introduce the following nulling criteria:
Criterion 3: For any given j ∈ IJ , i ∈ IL ′j , the unit vector

f j,i (with ‖f j,i‖ = 1) satisfies

f Tj,iH j,kpk,l=0, (k, l)∈{(k, l)|gj,i,k,l=0, k ∈ IK , l ∈ ILk }.
(28)

Note that there are M antennas in each BS and thus M
aligned directions. Due to channel randomness, theM aligned
directions are linearly independent with high probability.
Thus, the nulling in (28) is always feasible, i.e., there exist
{f j,i} such that Criterion 3 is met.
Then, t j,i can be represented as

tTj,i =
∑

(k,l)∈{(k,l):gj,i,k,l 6=0}

f Tj,iH j,kpk,l
cTk,l
σs,k,l

+ z̃Tj,i (29a)

= t̃Tj,i + z̃
T
j,i (29b)

where

t̃ j,i =
∑

(k,l)∈{(k,l):gj,i,k,l 6=0}

f Tj,iH j,kpk,l
ck,l
σs,k,l

, (30)

and z̃j,i = ZTj f j,i where element of z̃j,i follows the Gaussian
distribution N (0, σ 2

z ).
Example 2:We continue with Example 1. From (28), f 1,1

is required to satisfy

f T1,1H1,1p1,2 = 0 and f T1,1H1,1p1,3 = 0. (31)

Then, we see that

tT1,1 = f T1,1H1,1p1,1c
T
1,1 + f

T
1,1H1,2p2,1c

T
2,1 + z̃

T
1,1. (32)

We see that t1,1 only contains the aligned spatial streams
specified by g1,1. �

3) DECODING AT BSS
In the network-coded decoding step, BS j decodes the
network-coded messages uj,i = Bϕ(gj,i) from t j,i for i =
1, · · · ,L ′j . Note that (30) can be represented by

t̃ j,i =
∑

(k,l)∈{(k,l):gj,i,k,l 6=0}

gj,i,k,l
f Tj,iH j,kpk,l
gj,i,k,lσs,k,l

ck,l, (33)

where
f Tj,iH j,kpk,l
gj,i,k,lσs,k,l

ck,l is referred to as a scaled lattice codeword
(i.e., a scaled version of ck,l), constructed from the scaled
lattice pair(

f Tj,iH j,kpk,l
gj,i,k,lσs,k,l

3c,k,l,
f Tj,iH j,kpk,l
gj,i,k,lσs,k,l

3s,k,l

)
.

We apply the following decoding operation to t j,i:
t̂ j,i = Q3F,j,i

(
t j,i
)
mod 31 (34)

where Q3(·) represents a quantization operation over lattice
3 and 3F,j,i is the finest lattice among the scaled coding

lattice
{
f Tj,iH j,kpk,l
gj,i,k,lσs,k,l

3c,k,l |gj,i,k,l 6= 0
}
(Here, they are assumed

to be nested. A Criteria is proposed to ensure the assumption
in the following). Then, by mapping t̂ j,i (a lattice point in
3F,j,i) to the finite field Fskq [20], we obtain ûj,i (a estimation
of uj,i).

For the reliable decoding of uj,i, i.e. Pr(ûj,i 6= uj,i) →
0 as n→∞, we require that the decoding procedure in (34)
is reliable, i.e.

Pe = Pr(t̂ j,i 6= t̃ j,i)→ 0 as n→∞, (35)

and {t̃ j,i} are valid lattice codewords.
The decoding error of t̃ j,i is equivalent to Pe = Pr(z̃j,i /∈

VF,j,i) where VF,j,i is the Voronoi region of3F,j,i [21]. From
Construction A, the coding lattices {3c,k,l} are Poltyrev-good
and Rogers-good simultaneously, and so are {3F,j,i}. Thus,
the error probability Pe decays exponentially in n if [11]

(Vol(VF,j,i))
2
n

σ 2
z

> 2πe (36)

or equivalently
σ 2
3F,j,i

> σ 2
z (37)

where σ 2
z is the second moment of elements of z̃j,i, Vol(·) is

the volume of a Voronoi region [11]. That is, limn→∞ Pe = 0
if (37) is satisfied.
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To guarantee that {t̃ j,i} are network-coded codewords with
combining coefficients {gj,i,k,l}, it suffices to require that the
following design criterion holds.
Criterion 4: For any j ∈ IJ and i ∈ IL ′j , the scaling

coefficients{
f Tj,iH j,kpk,l
gj,i,k,lσs,k,l

, for (k, l) satisfying gj,i,k,l 6= 0

}
(38)

are equal.
To meet the criterion, we need to carefully design

the nested lattice chain and linear precoding matrices
{Pk} and {Fj}. Detailed discussions are presented in
Section IV-B.
Remark 4: Note that this design criterion ensures the

success of network coding with matrix G. The criterion
is naturally satisfied in original SSA-PNC since common
shaping lattice is used (i.e., {σs,k,l} are equal for all k, l)
and the power ratios of the aligned spatial streams are the
corresponding network-coding coefficient ratios (as stated
in Remark 3).

D. CU DECODING
Denote the computed network-coded messages of all J BSs
as Û = [Û

T
1 , Û

T
2 , · · · , Û

T
J ]. CU receives the decoded

network-coded messages Û with vanishing error provided
that (4) is met. Then, with invertible ϕ(G), the CU recovers
all user messages by

B̂ = Ûϕ(G)−1. (39)

Under the assumption that Û = U , we have
H (Û1, Û2, · · · , ÛJ ) = H (U1,U2, · · · ,UJ ) (40a)

= H (B1,B2, · · · ,BK ) (40b)

= n
K∑
i=1

Rk (40c)

where (40b) follows from the bijective mapping U = Bϕ(G)
(since ϕ(G) is invertible). Thus, (4) can be rewritten as

K∑
k=1

Rk < CBH. (41)

E. ACHIEVABLE RATES
Based on the discussions in the preceding subsections,
we obtain the following main result.
Theorem 1: For a given D-MIMO system with parameters
{Pk}, {βj,m,k,l}, {Fj}, and the nested lattice chain L, a rate
tuple (R1,R2, · · · ,RK ) is achievable if Criteria 1−4 are met
and

K∑
k=1

Rk < CBH (42)

Rk,l <
1
2

min
(j,i):gj,i,k,l 6=0

log+
(
|f j,iH j,kpk,l |

2

g2j,i,k,lσ
2
z

)
, (43)

for k ∈ IK , l ∈ ILk (44)

where Rk =
∑Lk

l=1 Rk,l .

Proof: From the previous discussions, we see that a
rate tuple (R1,R2, · · · ,Rk ) is achievable if criteria 1 − 4
together (37) and (41) are met. Clearly, (42) is the same
as (41). Thus, we only need to show that (44) is equivalent
to (37).

We first show that (37) implies (44). To see this, we have

Rk,l =
1
n
log

Vol(3s,k,l)
Vol(3c,k,l)

(45a)

=
1
n
log

Vol
(
f Tj,iH j,kpk,l
σs,k,lgj,i,k,l

3s,k,l

)
Vol

(
f Tj,iH j,kpk,l
σs,k,lgj,i,k,l

3c,k,l

) (45b)

=
1
2
log+

(
|f j,iH j,kpk,l |

2

g2j,i,k,l σ̃
2
3c,k,l

)
(45c)

≤
1
2

min
(j,i):gj,i,k,l 6=0

log+
(
|f j,iH j,kpk,l |

2

g2j,i,k,lσ
2
3F,j,i

)
(45d)

<
1
2

min
(j,i):gj,i,k,l 6=0

log+
(
|f j,iH j,kpk,l |

2

g2j,i,k,lσ
2
z

)
, (45e)

for k ∈ IK , l ∈ ILk . (45f)

where σ̃ 2
3c,k,l

in (45c) is the second moment of the scaled

lattice
f Tj,iH j,kpk,l
σs,k,lgj,i,k,l

3c,k,l ,
|f j,iH j,kpk,l |

2

g2j,i,k,l
is the second moment

of
f Tj,iH j,kpk,l
σs,k,lgj,i,k,l

3s,k,l , (45d) follows from σ̃ 2
3c,k,l
≥ σ 2

3F,j,i
since

3F,j,i is the finest lattice among the scaled coding lattices

{
f Tj,iH j,kpk,l
gj,i,k,l

3c,k,l |gj,i,k,l 6= 0}, and (45f) is from (37).

We next show that (44) implies (37). We first note
that (45a)-(45c) still hold. Combining (44) and (45c),
we obtain that for any k ∈ IK and l ∈ ILk ,

σ̃ 2
3c,k,l

> σ 2
z , for (j, i) satisfying gj,i,k,l 6= 0. (46)

Equivalently, for any j ∈ IJ , i ∈ IL ′j ,

σ̃ 2
3c,k,l

> σ 2
z , for (k, l) satisfying gj,i,k,l 6= 0. (47)

3F,j,i is finest lattice among the scaled coding lattices

{
f Tj,iH j,kpk,l
gj,i,k,l

3c,k,l |gj,i,k,l 6= 0}. Thus, (37) holds, which

concludes the proof. �

F. FURTHER DISCUSSIONS
We now highlight the differences between our approach and
the approach in [12]. Basically, we generalize the original
SSA-PNC by allowing different shaping lattices for the con-
struction of nested lattice codes at the sources. This gen-
eralization, on one hand, relaxes the coefficients {βj,m,k,l}
to be arbitrary real numbers, which allows more freedom
in the design of nested lattice codes to fit the channel con-
ditions. (In contrast, in the original SSA-PNC, {βj,m,k,l}
are determined by the generator matrix G̃.) On the other
hand, in G-SSA-PNC, the SSA pattern imposes new con-
straints (i.e. criterion 4) on the construction of nested lattices.
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This implies a necessity for the joint design of the SSA pattern
and nested lattice coding, while the two can be designed
sequentially in two separate steps in the original SSA-PNC.
In the following, we consider the system design based on
Criteria 1-4.

IV. FEASIBILITY CONDITIONS OF THE
GENERALIZED SSA-PNC
In this section, we consider the feasibility of the generalized
SSA-PNC approach. The discussion of feasibility consists of
two parts, the feasibility of SSA precoding and the feasibility
of PNC. In the subsequent, we first present the feasibility
condition of SSA. After that, the feasibility condition of PNC
operation is derived based on nested lattice coding.

A. FEASIBILITY OF SSA PRECODING
We now present the feasible region of precoding matrices.
We first stack all precoding vectors together as

p̃ = [pT1,1, p
T
1,2, · · · , p

T
1,L1 , p

T
2,1, · · · , p

T
2,L2 , · · · , p

T
K ,LK ]

T.

(48)

Then, we can represent (14) as

[0, · · · , βj,m,k1,l1H j,k1 , · · · ,−βj,m,k2,l2H j,k2 , · · · ,0]p̃ = 0

for any l1 ∈ S(gj,m,k1 ), l2 ∈ S(gj,m,k2 ). (49)

Note that |S(gj,m)| represents the number of spatial streams
aligned in the m-th direction of BS j. We see that, for given j
and m, there are |S(gj,m)| − 1 independent equations in (49).
Then, for j ∈ IJ ,m ∈ IM , there are

J∑
j=1

M∑
m=1

(|S(gj,m)| − 1) = J (L −M )

equations in total, where
∑M

i=1|S(gj,i)| = L follows from the
discussions below (16). Those J (L − M ) equations can be
stacked together, yielding

H̃p̃ = 0 (50)

where H̃ ∈ RJ (L−M )×LN . Thus, for given G̃ and {βj,m,k,l},
the feasible region of p̃ is given by the nullspace of H̃ . Then,
a sufficient condition to ensure a non-trivial nullspace of H̃
is given by

LN > J (L −M )M . (51)

B. FEASIBILITY OF NETWORK-CODED DECODING
Recall from (30) that t̃ j,i is a sum of scaled lattice code-
words with scaling factors {f Tj,iH j,kpk,l}. To meet Criterion 4,
the nested lattice chain need to be carefully designed.

We start with some basic concepts to facilitate our discus-
sions. A graph consists of two finite sets, V and E . Each
element in V is called a vertex. Each element in E is called
an edge which is an unordered pair of vertexes. Denote by
e(v,w) the edge connecting vertices v and w. A path is
a sequence of distinct vertices v1, v2, · · · , vk together with
their connecting edges e(vi, vi+1) ∈ E for i ∈ Ik−1.
A cycle o , (v1, v2, · · · , vk ) is a closed path, i.e., a path

v1, v2, · · · , vk together with e(vk , v1) ∈ E . A bipartite graph
is a graph whose vertices set is divided into two disjoint sets
V1 and V2 such that each edge connects a vertex in V1 to
a vertex in V2.

FIGURE 3. Bipartite graph of G where G1 = [g1,1, g1,2, g1,3]T and
G2 = [g2,1, g2,2]T with indicator vectors in Example 1.

We now construct a bipartite graph to express the relation
between {ck,l} and the {t j,i}. We represent {ck,l} as the circle
node set and {t j,i} as the square node set. Each edge e(ck,l, t j,i)
means that t j,i contains the spatial stream ck,l . Consider exam-
ple 1 (illustrated in Fig. 2). The corresponding bipartite graph
is given in Fig. 3. The fact that t1,1 is connected to c1,1 and
c2,1 indicates that c1,1 and c2,1 are aligned at BS 1 (see the
SSA in the dashed box of Fig. 2) and the two aligned streams
generates t1,1 (as expressed by (32)). We are now ready to
present the feasibility condition of a nested lattice chain for
network-coded decoding.

1) CYCLE-FREE BIPARTITE GRAPH
We first consider the case of bipartite graphs with no cycle.
We show the existence of a nested lattice chain L such that
Criterion 4 is met.
Theorem 2: Assume that {pk,l}, {f j,i}, and G satisfy Crite-

ria 1 − 3. If no cycle exists in the bipartite graph associated
with G, then there always exists a nested lattice chain L such
that Criterion 4 is met.

The proof of Theorem 2 is presented at Appendix A.
Example 3: Consider the bipartite graph in Fig. 3. Since

there is no cycle in the bipartite graph, the graph can be
represented into a tree. We next show the procedure of design
{σs,k,l} for given {pk,l}, {f j,i}, G, and H .

By applying the broad first search on the graph in 3, we can
see that the set of child nodes of c1,1 (i.e., the square nodes
connected to c1,1) are {t1,1, t2,2}. Note that c1,1 is connected
to and t2,2. Let the second moment of 3s,1,1 be σs,1,1 = 1.
Note that the child node of t1,1 is c2,1. Thus, we design σs,2,1
to satisfy

f T1,1H1,1p1,1
g21,1,1,1σs,1,1

=
f T1,1H1,2p2,1
g1,1,2,1σs,2,1

.

Also, since the child node of t2,2 is c2,2, we design σs,2,2 to
satisfy

f T2,2H2,1p1,1
g2,2,1,1σs,1,1

=
f T2,2H2,2p2,2
g2,2,2,2σs,2,2

.
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Similarly, for the remaining circle nodes (c1,2, c1,3), we have

f T1,2H1,2p2,2
g1,2,2,2σs,2,2

=
f T1,2H1,1p1,2
g1,2,1,2σs,1,2

,

f T2,1H2,2p2,1
g2,1,2,1σs,2,1

=
f T2,1H2,1p1,3
g2,1,1,3σs,1,3

.

2) BIPARTITE GRAPH WITH CYCLES
We now consider the case of bipartite graphs with
cycles. We start with definitions. A cycle basis, denoted
by O, is a maximal set of linearly independent cycles.3

An example is illustrated in Fig. 4. Denote by o =

(ck1,l1 , t j1,i1 , ck2,l2 , t j2,i2 , · · · , ckγ ,lγ , t jγ ,iγ ) a cycle in O.

FIGURE 4. Bipartite graph with cycles. The cycle basis in the graph is
given by O = {(c1,1, t1,1, c3,1, t3,1), (c3,1, t2,2, c2,2, t3,1), (c1,2, t1,2,

c2,2, t2,2)}.

Theorem 3: Consider any given {pk,l}, {f j,i}, and G satis-
fying Criteria 1−3. Then, there always exists a nested lattice
chain L such that Criterion 4 is met if {βj,i,k,l} satisfies 4

γ∏
τ=1

βjτ ,iτ ,kτ ,lτ gjτ ,iτ ,kτ ,lτ

=

γ∏
τ=1

βjτ ,iτ ,kτ+1,lτ+1gjτ ,iτ ,kτ+1,lτ+1 , for any

o = (ck1,l1 , t j1,i1 , ck2,l2 , t j2,i2 , · · · , ckγ ,lγ , t jγ ,iγ ) ∈ O. (52)
The proof of Theorem 3 is presented at Appendix B.
Example 4:We consider a D-MIMO systemwith J = K =

3,N = 3,M = 6,L1 = 3,L2 = L3 = 2,L ′1 = 3,L ′2 =
L ′3 = 2. The associated bipartite graph is illustrated
in Fig. 4. There are 3 cycles in the cycle basis: o1 =
(c1,1, t1,1, c3,1, t3,1), o2 = (c3,1, t2,2, c2,2, t3,1), o3 =

(c1,2, t1,2, c2,2, t2,2).
From (52), the constraint for {βj,i,k,l} induced from cycle

o1 is given by

(β1,1,1,1g1,1,1,1)(β3,1,3,1g3,1,3,1)

= (β1,1,3,1g1,1,3,1)(β3,1,1,1g3,1,1,1).

Similarly, in o2 and o3, the constraints for the two cycles are
respectively given by

(β2,2,3,1g2,2,3,1)(β3,1,2,2g3,1,2,2)

3 ‘‘Linearly independent’’ means that for any subset O′ ⊂ O, the sub-
graph formed by the circles inO′ cannot contain a cycle o satisfying o ∈ O
and o /∈ O′.

4In (52), we set kγ+1 = k1 and lγ+1 = l1 for notational convenience.

= (β2,2,2,2g2,2,2,2)(β3,1,3,1g3,1,3,1)

(β1,2,1,2g1,2,1,2)(β2,2,2,2g2,2,2,2)

= (β1,2,2,2g1,2,2,2)(β2,2,1,2g2,2,1,2).

V. SUM-RATE MAXIMIZATION
In this section, we consider the sum-rate maximization prob-
lem of the D-MIMO system in Fig. 1 which employs our
optimized SSA-PNC scheme.

A. PROBLEM FORMULATION
For a given D-MIMO system with feasible parameters
K , J ,M ,N , {Lk}, {L ′J }, and G̃, the sum-rate maximization
problem is given by

maximize
p̃,F,Rk,l ,{βj,m,k,l }

K∑
k=1

Lk∑
l=1

Rk,l (53a)

subject to Rk,l< min
(j,i):gj,i,k,l 6=0

log+
(
|f j,iH j,kpk,l |

2

σ 2
z

)
,

for k ∈ IK , l ∈ ILk (53b)
K∑
k=1

Lk∑
l=1

Rk,l < CBH (53c)

tr(PkPT
k ) ≤ Pk , for k ∈ IK (53d)

H̃p̃ = 0 with p̃ in (48) (53e)

f Tj,iH j,kpk,l = 0, for (j, i, k, l)

satisfying gj,i,k,l 6= 0 (53f)

‖f j,i‖ = 1 (53g)

|βj,m,k,l | ∈ R++satisfying(52). (53h)

In the above formulation, (53d) and (53e) are the con-
straints to precoding matrices, and are respectively from (11)
and (50); (53f) and (53g) are respectively from Criteria 3
and (28); (53h) is from Theorem 3.

B. APPROXIMATE SOLUTION
The sum-rate maximization problem is highly non-convex
and difficult to obtain the optimal solution because of the
non-convex form of (53b) and the integer programming for
the optimization of G̃. Here we present an approximate solu-
tion with a heuristic method. For given {βj,m,k,l} satisfy-
ing (53h), we can solve (53) by the following steps:
• Construct H̃ and obtain an arbitrary basis of the
nullspace of H̃ ;

• Generate a feasible p̃ in the nullspace of H̃ using the
basis obtained in the first step;

• With p̃, generate feasible {f j,i} satisfying (53f)
and (53g);

• Calculate Rk,l using the upper bound in (53b).
Note that the dimension of the nullspace of H̃ is LN −

J (L−M )M . Thus, the coefficient tuple of p̃ consists of Kp ,
LN − J (L − M )M elements, denoted by (α1, α2, · · · , αKp )
with α ∈ R. Similarly, generate the basis of feasible
region of f j,i according (53f) and generate the coefficient
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tuple (θ1, θ2, · · · , θKf ). Thus, we obtain a feasible f j,i. What
remains is how to optimize {βj,m,k,l}, and the two coeffi-
cient tuples. In this paper, we apply the differential evo-
lution algorithm [22]. The algorithm is practical in such a
non-convex and multi-variable problem.

Therefore, with given H and G, we utilize the differ-
ential evolution algorithm to obtain suboptimal candidates,
i.e., {{β}, (α1, α2, · · · , αKα )}, (θ1, θ2, · · · , θKf ). The corre-
sponding maximal sum rate is given by Algorithm 1.

Algorithm 1

Require: H, G̃, {βj,m,k,l}, (α1, α2, · · · , αKα ), (θ1, θ2, · · · ,
θKf ).

Ensure:
∑L

l=1 Ri,l .
1: For given {βj,m,k,l}, G̃, and H , construct H̃ in (50).
2: Obtain a basis of nullspace of H̃ by SVD and generate p̃

with coefficient tuple (α1, α2, · · · , αKα ).
3: Obtain the basis of feasible region of f j,i from (53f) and

generate a feasible f j,i with (θ1, θ2, · · · , θKf ). Scale f j,i
to satisfy (53g).

4: Calculate the upper bound of Ri,l in (53b) and output∑L
l=1 Ri,l .

C. OPTIMIZATION OF G̃
The optimization procedures above is based on a fixed gen-
erator matrix G̃. Since G̃ determines the pattern of SSA,
for given channel matrix, various alignment patterns result
into various performances of our G-SSA-PNC scheme. Not
strictly, the pattern should be ‘‘close’’ to the channel matrix
in some senses. However, up to now, we don’t know how
to measure the ‘‘closeness’’ between G̃ and channel matrix.
Besides, it is NP-hard to optimize such a matrix with discrete
values.

In this paper, we apply the brute-force method to search
an optimal G̃ (each element in G̃ is set to be 0 or 1). Though
with high computation complexity, the method can show the
essential performance gain of optimizing G̃.

VI. NUMERICAL RESULTS
In this section, we apply the proposed scheme to the
D-MIMO systems with different parameters. In the simula-
tions, the power budgets of the users satisfy P1 = P2 =
· · · = PK = P and the SNR at transmitter is given by
SNR , P

σ 2
. The numerical results are obtained by averaging

over 2000 channel realizations.

A. PERFORMANCE OF GENERALIZED SSA-PNC
In this subsection, we show the performances of the proposed
G-SSA-PNC scheme. Specifically, to show the advantage of
the generalizations in G-SSA-PNC, we consider the perfor-
mance comparison between the following four schemes:
• SSA-PNC: the original SSA-PNC scheme in [12];
• G-SSA-PNC-P: the proposed scheme with optimized
precoding matrix {Pk} ( {βj,m,k,l} are all set to 1);

• G-SSA-PNC-P&β: the proposed scheme with opti-
mized precoding matrix {Pk} and {βj,m,k,l};

• G-SSA-PNC-P&β&G: the proposed scheme with opti-
mized precodingmatrix {Pk},β, and generatormatrix G̃;

In the first three schemes, the integer vectors are given in
Example 1 and the corresponding generator matrix is given
by (18).

1) CHANNEL MODEL WITH RAYLEIGH FADING
We assume each element in {H j,k} satisfies i.i.d. normal dis-
tribution, i.e.H j,k ∼ N (0, I) for each j, k . The corresponding
numerical results are given in Figs. 5 and 6.

FIGURE 5. Simulation results for K = J = 2, N = 3, M = 3 with Rayleigh
fading.

Fig. 5 shows the result of the sum rate versus SNR of
G-SSA-PNC under a D-MIMO system with K = J =
2,N = M = 3,L = 5,CB = L

2 log
KSNR
L . We see that with

optimized precoding matrix P, the performance gain over
original SSA-PNC is about 7 dB in high SNR. By optimizing
{β}, there is an extra 7 dB. By optimizing G̃ additionally, there
is about a 2 dB extra gain.

Fig. 6 shows the result of the sum rate versus SNR of
G-SSA-PNC under a D-MIMO system with K = J =
3,N = 6,M = 3,L = 7, and CB = L

2 log
KSNR
L . Similar

to Fig. 5, considerable gains are obtained by optimizing
{P i}, {β}, and G. In particular, with optimized precoding
matrix P, the performance gain over original SSA-PNC is
more than 10 dB gain. By optimizing {β} additionally, there
is a 2 dB gain. By optimizing G̃ additionally, there is about a
5 dB extra.

2) CHANNEL MODEL WITH PATH LOSS FADING
AND SPATIAL CORRELATION
In more practical scenarios, due to the geometrical separation
between BSs and users as well as the multi-antennas setting,
the channel fading and spatial correlation should be consid-
ered in the channel modeling. Specifically, we factorize the
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channel coefficient matrix in (2) as

H j,k =
R

1
2
j,rH̃ j,k (R

1
2
k,t)

T

d
3
2
j,k

(54)

where Rj,r is the receiver-side spatial correlation matrix,
Rk,t is the transmitter-side spatial correlation matrix, and dj,k
is the distance between user k and BS j in the pass loss model.
Then, the channel coefficient matrix can be expressed as

H j,k ∼ N (0,Rt ⊗ Rr ) (55)

where⊗ is the Kronecker product. Following [23], the spatial
correlation matrix Rt is set as

Rt =


1 α α2 · · · αN−1

α 1 α · · · αN−2

α2 α 1 · · · αN−3

...
...

...
. . .

...

αN−1 αN−2 αN−3 · · · 1

 (56)

and Rr is the same as Rt in (56) except that the antenna
numberN is replaced byM . Though the simple model in (56)
is not accurate for the real world antenna array, we can use
it to study the effect of antenna correlation to the system
performance by only manipulating α.

In our simulation, the following parameter settings are
employed: α = 0.2, dj,k ∼ U (10, 100) in meter, and
CB = L

2 log
KSNR
104.5 L

. The considered SNR range is actually
reasonable for practical systems with large scale fading. The
simulation results for K = J = 2 and K = J = 3
are respectively presented in Fig. 7 and Fig. 8. We see that
the trends of the four SSA-PNC schemes in Figs. 5 and 6
remain roughly unchanged in Figs. 7 and 8. We also see
that G-SSA-PNC achieves considerable performance gains at
high SNR.

FIGURE 6. Simulation results for K = J = 3, N = 6, M = 3 with Rayleigh
fading.

FIGURE 7. Simulation results for K = J = 2, N = 3, M = 3 with large scale
fading.

FIGURE 8. Simulation results for K = J = 3, N = 6, M = 3 with large scale
fading.

B. PERFORMANCE COMPARISON OF
BENCHMARK SCHEMES
In this subsection, we compare the proposed G-SSA-PNC
with other benchmark schemes. In G-SSA-PNC, parameters
{P i}, {β}, and G̃ are all optimized following Algorithm 1. The
other benchmark schemes are described as follows.
• IA: The interference alignment approach in [6]; no sym-
bol extension is considered.

• GCCF: Each MIMO users is regarded as M equivalent
single-antenna users, and then GCCF in [16] is applied
to the equivalent single-antenna system model; all the
transmit antennas in the system have the same transmis-
sion power.

• CF: Following [4], each user linearly precodes the mes-
sage to be transmitted; each BSs first takes a LMMSE
estimator to process its received signal and then quan-
tize the processed signal to satisfy the capacity limit of
the backhaul link; the beamforming matrix and quanti-
zation noise covariance matrices are optimized by the
WMMSE-SCA method in [4].
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TABLE 2. The average CPU running time of various algorithms per channel realization.

FIGURE 9. Simulation results for K = J = 2, N = 3, M = 3 with Rayleigh
fading.

• DF: Here we consider a straightforward decode-and-
forward scheme inwhich eachBS k is required to decode
the message of user k for k ∈ IK .

1) SUM RATE VERSUS SNR UNDER LIMITED
BACKHAUL CAPACITY
The numerical results are presented in Fig. 9 and Fig. 11,
where Fig. 9 is under Rayleigh fading with K = J = 2, and
Fig. 11 is under Rayleigh fading with K = J = 3. We see
that G-SSA-PNC outperforms the benchmark schemes at
relatively high SNR. GCCF is not presented in Fig. 10 due
to the intractable complexity under this system setting.

2) SUM RATE VERSUS BACKHAUL CAPACITY
UNDER FIXED SNR
The numerical result is given in Fig. 10 with the system
parameters K = J = 2,N = M = 3,L = 5,
and SNR = 30dB. Here the upper bound is defined as fol-
lows. Assume that the BSs can fully cooperate in decoding
and forwarding. Then the D-MIMO system can be treated
as a MIMO multiple-access channel. Then, an upper bound
is given by Cupper = min{Rmac,CBH}, where Rmac is the
capacity of the equivalent MIMO multiple-access channel.

When the sum backhaul capacity is small (less than
8 bits/channel use), G-SSA-PNC outperforms CF and
achieves the same performance as IA, GCCF, and DF.
When the sum backhaul capacity is moderate (between 8 to
24 bits/channel use), G-SSA-PNC outperforms the other four
schemes. When the sum backhaul capacity is relatively large
(over 24 bits/channel use), CF outperforms G-SSA-PNC.
The reason is that, as the sum backhaul capacity increases,

FIGURE 10. Performance comparison under SNR = 30 dB, K = J = 2, and
N = M = 3.

FIGURE 11. Simulation results for K = J = 3, N = 6, M = 3 with Rayleigh
fading.

the compression operation in CF becomes information loss-
less, and hence eventually outperforms the other schemes.

C. COMPLEXITY ISSUES
We now briefly discuss the complexity involved in
G-SSA-PNC. From the discussions in Section, it is not
difficult to see that the operation of G-SSA-PNC is similar
to that of SSA-PNC. Thus, the operational complexity of
G-SSA-PNC is comparable to that of SSA-PNC. The dif-
ference is that G-SSA-PNC involves additional optimization
of SSA precoding and nested lattice coding coefficients.
To see this, we present the average CPU running time of
various optimization algorithms for each channel realiza-
tion in Table 2. The simulation is implemented with Intel
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i5-6267U and Python2.7. Due to the brute-force search of G̃
as well as the heuristic search of {βj,m,k,l} and p̃, we see that
the optimization becomes more and more time-consuming
as the increase of the network size and the number of opti-
mization variables. The design of more efficient optimization
algorithms is an interesting research topic, but is out of the
scope of this paper.

VII. CONCLUSION
In this paper, we proposed a generalized SSA-PNC scheme
for distributed MIMO systems. Compared to the original
SSA-PNC scheme in [12], we improved the system perfor-
mance through the following aspects. We allowed different
shaping lattice for each source nested lattice code. This allows
more freedom in the design of nested lattice codes to fit the
channel conditions. We presented the feasibility conditions
of the G-SSA-PNC scheme. We considered jointly designed
the linear precoding for SSA, the generator matrix as well
as the source nested lattice codes and thus formulated a
sum-rate maximization problem. To show the performance
of G-SSA-PNC, we addressed the non-convex maximization
problem by taking an approximate approach. The numeri-
cal results demonstrate a considerable gain of our proposed
SSA-PNC scheme over the benchmark schemes.

APPENDIX A
PROOF OF THEOREM 2
From [21, Theorem 2], we see that L always exists provided
σs,k,l > σc,k,l for k ∈ IK , l ∈ ILk . Thus, to prove Theorem 2,
it suffices to show the existence of {σs,k,l, σc,k,l} such that
σs,k,l > σc,k,l for k ∈ IK , l ∈ ILk and Criterion 4 is met.
Also note that Criterion 4 does not involve {σc,k,l}. That is, for
any given σs,k,l , the design of σc,k,l is irrelevant to Criterion 4.
Therefore, we only need to design {σs,k,l} to meet Criterion 4.

To this end, we apply the broad first search (BFS) algo-
rithm to the bipartite graph associated with G. Since the
bipartite graph is cycle-free, BFS yields a tree if the graph is
connected or a forest otherwise [24]. We next only consider
the case of a tree. The discussion for a forest is similar and
thus omitted.

Without the loss of generality, we assume that the first
visited node (root node) in BFS is the circle node c1,1. The
child nodes of c1,1 is a set of square nodes, given by

C1,1 = {t j,i, for (j, i) satisfying gj,i,1,1 6= 0}. (57)

Further, the child nodes of each child node t j,i in (57) is a set
of circle nodes, given by

Tj,i = {ck,l, for (k, l) satisfying gj,i,k,l 6= 0}. (58)

We choose σs,1,1 = 1. To satisfy Criterion 4, for each
square node t j,i ∈ C1,1, the following equations need to

hold
f j,iH j,kpk,l
gj,i,k,lσs,k,l

=
f j,iH j,1p1,1
gj,i,1,1σs,1,1

, for (k, l) satisfying gj,i,k,l 6= 0. (59)

That is, for each circle node ck,l ∈ Tj,i, the corresponding
σs,k,l is designed to satisfy (59). By induction, for any circle
node in the tree, the corresponding σs,k,l is determined and
only determined once following the above approach. At the
same time, Criterion 4 is met since all square nodes {t j,i} are
visited. This concludes the proof.

APPENDIX B
PROOF OF THEOREM 3
Denote byG the bipartite graph associatedwithG.We remove
one edge in each cycle o ∈ O so that the bipartite graph
G reduces to a cycle-free graph, denoted by G′. Denote by
E the set of all removed edges. Note that removing an edge
e(ck,l, t j,i) fromG is equivalent to forcing the non-zero integer
gj,i,k,l in G to zero. Then, denote by G′ the network-coding
matrix associated with G′. Since G′ is cycle-free, we follow
the approach in the proof of Theorem 2 to design {σs,k,l}.
Hence, Criterion 4 is met for G′.

However, by adding back the removed edges in E (i.e.,
recovering the zero-forced {gj,i,k,l} in G′), the recovery of
G from G′ may violate Criterion 4. Therefore, we need to
impose extra constraints to ensure Criterion 4 is still met.
To prove Theorem 3, what remains is to show that with the
designed {σs,k,l}, Criterion 4 is met provided that {βj,m,k,l}
satisfies (52).

From G, we obtain the cycle basis in G [24]. Consider
a cycle o = (ck1,l1 , t j1,i1 , ck2,l2 , t j2,i2 , · · · , ckγ ,lγ , t jγ ,iγ ) ∈
O. Without the loss of generality, we assume that only
the edge (ck1,l1 , t j1,i1 ) is removed. To meet Criterion 4,
we need to guarantee that the scaling factor of the removed
edge (ck1,l1 , t j1,i1 ) is equal to the scaling factor of an
un-removed edge e(ck,l, t j1,i1 ) satisfying gj1,i1,k,l 6= 0. Note
that e(ck2,l2 , t j1,i1 ) is such an un-removed edge. Thus, the fol-
lowing equation need to hold

f Tj1,i1H j1,k1pk1,l1
gj1,i1,k1,l1σs,k1,l1

=
f Tj1,i1H j1,k2pk2,l2
gj1,i1,k2,l2σs,k2,l2

. (60)

From the proof of Theorem 2, we see that the following
equations hold:

f Tj2,i2H j2,k2pk2,l2
gj2,i2,k2,l2σs,k2,l2

=
f Tj2,i2H j2,k3pk3,l3
gj2,i2,k3,l3σs,k3,l3

(61a)

...
f Tjτ ,iτH jτ ,kτ pkτ ,lτ
gjτ ,iτ ,kτ ,lτ σs,kτ ,lτ

=
f Tjτ ,iτH jτ ,kτ+1pkτ+1,lτ+1
gjτ ,iτ ,kτ+1,lτ+1σ

2
s,kτ+1,lτ+1

(61b)

...
f Tjγ ,iγH jγ ,kγ pkγ ,lγ
gjγ ,iγ ,kγ ,lγ σs,kγ ,lγ

=

f Tjγ ,iγH jγ ,k1pk1,l1
gjγ ,iγ ,k1,l1σs,k1,l1

. (61c)
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where each equation corresponds to one square node t jτ ,iτ
for τ = 2, · · · , γ . With (14), we see that (60) and (61)
respectively reduce to

βj1,i1,k1,l1gj1,i1,k1,l1σs,k1,l1
= βj1,i1,k2,l2gj1,i1,k2,l2σs,k2,l2 ,

βjτ ,iτ ,kτ ,lτ gjτ ,iτ ,iτ ,lτ σs,kτ ,lτ
= βjτ ,iτ ,kτ+1,lτ+1gjτ ,iτ ,iτ+1,lτ+1σs,iτ+1,lτ+1 ,

for τ = 2, 3, · · · , γ . (62)

Combining the equalities in (62), we further see that (60)
holds if and only if
γ∏
τ=1

βjτ ,iτ ,kτ ,lτ gjτ ,iτ ,kτ ,lτ =
γ∏
τ=1

βjτ ,iτ ,kτ+1,lτ+1gjτ ,iτ ,kτ+1,lτ+1 .

(63)

Thus, Criterion 4 is met if (63) (i.e. (52)) holds for each cycle
in O. This concludes the proof.
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